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Summary. Malonyl gramicidin is incorporated into 
lysolecithin micelles in a manner which satisfies a 
number of previously demonstrated criteria for the 
formation of the transmembrane channel structure. 
By means of sodium-23 nuclear magnetic resonance, 
two binding sites are observed: a tight site and a 
weak site with binding constants of approximately 
100M- 1 and 1 M- 1, respectively. In addition, off-rate 
constants from the two sites were estimated from 
NMR analyses to be kof~ ~_ 3 x 105/sec and koff-2w ,,~ 
• 107/sec giving, with the binding constants, the on- 

[ l,v e ~ ,  rate constants, kon~3xl0~/Msec and kon_2 
x 107/M sec. 

Five different multiple occupancy models with 
NMR-restricted energy profiles were considered for 
the purpose of calculating single-channel currents as 
a function of voltage and concentration utilizing the 
four NMR-derived rate constants (and an NMR- 
limit placed on a fifth rate constant for intrachannel 
ion translocation) in combination with Eyring rate 
theory for the introduction of voltage dependence. 

Using the X-ray diffraction results of Koeppe et 
al. (1979) for limiting the positions of the tight sites, 
the two-site model and a three-site model in which 
the weak sites occur after the tight site is filled were 
found to satisfactorily calculate the experimental cur- 
rents (also reported here) and to fit the experimental 
currents extraordinarily well when the experimentally 
derived values were allowed to vary to a least squares 
best fit. Surprisingly the "best fit" values differed by 
only about a factor of two from the NMR-derived 
values, a variation that is well within the estimated 
experimental error of the rate constants. 

These results demonstrate the utility of ion nucle- 
ar magnetic resonance to determine rate constants 
relevant to transport through the gramicidin channel 
and of the Eyring rate theory to introduce voltage 
dependence. 

The primary structure of malonyl gramicidin (malon- 
yl-bis-desformyl gramicidin) is CH2(CO-L.Val 1- 
Glyz-L. Ala3-D. Leu4-L �9 Alas-D. Val6-L. ValT-D. 
Vals-L" TrP9-D' Leulo-L ' q~l 1 -D" Leu12 -L' Trp13-D" 
Leu14-L-TrPIsNHCHz-CH2OH)2 where ~bll = 
Trp/Phe/Tyr at the approximate ratios 7:1:2, re- 
spectively, and where the L-valyl residue in position 
one is also replaced to a few percent by an L-isoleucyl 
residue (Sarges & Witkop, 1964). It is formed by the 
by the bifunctional malonyl coupling to two des- 
formylated gramicidin molecules (Urry, et al., 1971; 
Bamberg & Janko, 1977). Malonyl gramicidin was 
first synthesized in this laboratory for the purpose of 
testing the proposed head-to-head (amino end to 
amino end) dimerization for transmembrane channel 
formation. The synthetic dimer, verified to be pure to 
within a few percent by proton nuclear magnetic 
resonance, was utilized in the valuable planar lipid 
bilayer approach begun by Mueller and Rudin (1967) 
and was found in terms of concentration to be an 
exceptionally potent ion transport molecule due to 
an altered concentration dependence of conductance 
and conductance development from a second-order 
to a first-order process (Urry et al., 1971). These 
results were verified and skillfully extended by Barn- 
berg and Janko (1977) to compare channel mean 
lifetimes and single-channel conductances resulting 
from the monomer of gramicidin and the covalent 
malonyl dimer. The malonyl dimer of gramicidin 
forms transmembrane channels which can conduct 
106.5 sodium ions/sec. (reported here) or 107 cesium 
ions/sec (Bamberg & Janko, 1977) at 100mV, 1M 
chloride salt and 25 ~ 

The gramicidin channel formation proposed in 
1971 (Urry et al., 1971; Urry, 1971) to be the head-to- 
head hydrogen bonded dimerization of two helical 
monomers is now well-documented (Urry et al., 1971 ; 
Bamberg, Apell & Alpes, 1977; Bamberg & Janko, 
1977; Weinstein, et al., 1979). The proposed channel 
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Fig. 1. The gramicidin transmembrane channel structure comprised of two molecules hydrogen bonded head to head (amino end to amino 
end). (A): Channel view showing the 4-A diameter channel which is continuous for 26A. (B): Side view showing at center the two formyl 
protons juxtaposed. In forming the covalent dimer, malonyl gramicidin, the two formyl protons are replaced by a methylene moiety, CHz. 
(C): Wire model of channel in side view. (From Urry et al., 1975) 

structure (Urry et al., 1971; Urry, 1973) has a 4-A 
diameter channel which is coincident with the helix 
axis. Utilizing our previously published approximate 
coordinates (Urry, 1973), the density weighted mean 
diameter of the backbone atoms of the helix would 
be 6.9A and the length would be about 26A. The 
latter value derives from the dipeptide translation 
length of 1.6 A (see Table of fi6, 3_heli x parameters in 
Urry, 1973) because there are 16 peptide moiety pairs 
per channel giving (1.6x16=)25.6A. Accordingly, 
when treating the issue of an optimal lipid layer 
thickness, a value of 26A has been considered (see 
Fig. 6 of Urry et al., 1975). Perspectives of the grami- 
cidin channel are given in Fig. 1. 

Although the published crystal structure studies 
from the Stryer group are as yet at limited resolution, 
they have demonstrated a conformational change on 
K + and Cs § complexation with the two complexes 
being isomorphous (Koeppe et al., 1979). The ions are 
observed within the channel of a helix with a 6.8 A 
diameter and a 26A length, within tenths of an 
Angstrom of the previously defined fi6 3_helica 1 pa- 
rameters (Urry, 1973; Urry et al., 1975). An impor- 
tant aspect of the crystal structure studies for the 
present effort are the ion locations, or binding sites, 
within the channel. The X-ray studies indicate two 

ion binding sites per channel length of 26 A which are 
separated by 21 and 5 A along the end-to-end aligned 
channels. This places ion binding sites 2.5 A from an 
end of a component monomer but from which end, 
the amino or carboxyl, is not resolved (Koeppe et al., 
1979). As crystallization was carried out with approx- 
imately equimolar gramicidin and cation concen- 
trations, this defines what are referred to in the 
present study as the tight binding sites. The two 
options are for the tight binding sites to occur 2.5 A 
from each carboxyl terminus of the amino end-to- 
amino end dimer and therefore separated by (26-2 
x2.5=) 21A, or 2.5A from each amino end and 
therefore, in the amino end-to-amino end dimer, sep- 
arated by 5A. Since the sites are the same for Cs § 
and K + and since the crystal radius of Cs + is 1.69A, 
this would place two ions with their close contact 
surfaces separated by only 1.62 A which is not enough 
room for a single water molecule. Such a situation 
could be expected to result in a large repulsion 
energy. For this reason the situation of sites sepa- 
rated by 5A is taken to be the definition of de- 
generate sites which cannot be simultaneously oc- 
cupied. These considerations are basic to the dis- 
cussions below and in Appendix A on the various 
multiple occupancy models and on the correct in- 
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t roduct ion of  voltage dependence to the nuclear  mag-  
netic resonance-derived rate constants. 

Early approaches  for characterizing the confor-  
mat ion  of  the gramicidin channel and its cat ion in- 
teractions in organic solvents have been limited due 
to the presence of  multiple conformat ions  (Urry et 
al., 1975) and because the ion binding propert ies did 
not  correlate well with ion t ranspor t  properties (Urry, 
1978). In trifluoroethanol,  for example, where the 
conformat ion  is thought  to be more  nearly that  of  the 
channel state, there is observed almost  no interact ion 
with Na  § or K § while a strong complexat ion is 
observed with Ca 2+ (Urry, 1978), whereas the chan- 
nel interactions relevant to t ranspor t  in planar  bi- 
layers indicate just the reverse (Bamberg & L/iuger, 
1977). As a means of  overcoming these limitations, 
recent efforts have been directed toward  incorpo-  
ra t ion of  gramicidin channels into lysolecithin mi- 
celles (Urry, Spisni & Khaled, 1979a; Ur ry  et al., 
1979b). The advantage of  lipid micelle packaging of 
channels is that  the characterizat ion of  ion binding 
sites would not  be complicated by the development  
of electrochemical potentials which would occur  dur-  
ing ion ti trations of channels in vesicles. The argu- 
ments for the channel state in phosphol ipid micelles 
(Urry et al., 1979a, b) are (i) that  there is a correlat ion 
of  the onset of  N a  § interaction with per turbat ion  of  
the lipid core, (ii) that  there is competi t ive binding of 
Ag  § and T1 + which displaces the N a  § interact ion in 
the micellar packaged gramicidin and Ag  + and T1 § 
exhibit competi t ive block of  N a  § t ranspor t  in planar  
lipid bilayer studies (McBride & Szabo, 1978; Neher,  
1975; Sandblom,  Eisenman & Neher,  1977), and (iii) 
that  the act ivat ion energy for N a  + exchange with the 
micellar packaged gramicidin at equimolar  N a  + and 
channel concentrat ions (as measured by temperature  
dependence of  sodium-23 line width and longitudinal  
relaxation time) is the same as the activation energy 
for t ranspor t  through the channel  (Bamberg & 
L/~uger, 1974). The latter point  provides the useful 
a rgument  that  the energy barriers for intrachannel  
ion translocat ions can be no greater than the barrier 
for the ion leaving the channel f rom the tight site. 

Previous sodium-23 nuclear magnet ic  resonance 
studies on micellar packaged gramicidin have iden- 
tified two sodium binding sites (a tight site, 
K~--100Mb 1 and a weak site K~'_~3M -1) as well 
as the approximate  off rate constants f rom these 

' ~ 105/sec and k~-f~-4 x 107/sec binding sites, koff--3 • 
(Urry et al., 1980). The resulting four rate con- 
stants (Kb=Icon/koff) along with a fifth rate con- 
stant, that, by the above argument  of  activation en- 

t ergy, must  be greater than koff, have been utilized in 
combina t ion  with Eyring rate theory and steady-state 
equations for two and three site occupancy models  to 

calculate the gramicidin single-channel currents with 
satisfying correspondence between the electrical 
measurements  on planar  bilayers and the calculated 
currents. Because the gramicidin study is complicated 
by the degree of  gramicidin incorpora t ion  into lyso- 
lecithin micelles and by the possible presence of ion 
binding monomers ,  the malonyl  gramicidin dimer has 
been used in the present s tudy and calculational and 
analytical details not  possible in the shorter report  on 
gramicidin are included in this report.  Additionally,  
as the malonyl  gramicidin ion currents are signifi- 
cantly less than those of  gramicidin (Bamberg & 
Janko,  1977), it is of interest to  determine if this 
difference is assessable in differences in the N M R -  
derived constants. 

Materials and Methods 

A, Synthesis of Malonyl Gramicidin 

Commercially available gramicidin was purchased from Nu- 
tritional Biochemicals Corporation, Cleveland, Ohio. This product 
contains approximately 72 % gramicidin A (Trp11) , 9 % gramicidin 
B (Phe 11) and 19 % gramicidin C (Tyr 11). Ion exchange resins were 
obtained from Bio-Rad Laboratories, Richmond, Calif. 

Malonyl-bis-desformyl gramicidin: The preparation of the 
gramicidin derivative (Urry et al., 1971; Bamberg & Janko, 1977) 
was carried out by the following procedure. Desformylgramicidin 
was obtained from gramicidin by following essentially the pro- 
cedure of Ishii and Witkop (1964) except that the acidolysis step 
was carried out in the presence of a nitrogen atmosphere for 2 hr. 
The product was purified by ion-exchange chromatography on a 
column of AG 50W-X2 (H+ form) resin. Desformylgramicidin 
(10 % excess) dissolved in DMF was reacted with di-p-nitrophenyl- 
malonate (Backer & Lotkema, 1938), prepared by refluxing ma- 
lonic acid, p-nitrophenol and phosphorus oxychloride (Parihar, 
Sharma & Verma, 1967) over a period of 48hr. The pH of the 
reaction mixture was maintained slightly above 7 by adding N- 
methyl morpholine. DMF was removed under reduced pressure; 
the residue was taken in methanol and passed through a column of 
AG 501-X8(D) mixed bed resin and then through a column of AG 
50W-X2 (H+ form) resin. The malonyl-bis-desformyl gramicidin 
thus obtained was further purified by gel filtration over a Sephadex 
LH-20 column using methanol for elution. Purity of the product 
was checked by thin layer chromatography (solvent system, 
CHC13/CH3OH/H20, 65:25:4) and proton magnetic resonance 
(Urry et al., 1971) and carbon-13 magnetic resonance (CMR) 
spectra. The absence of the formyI group carbonyl carbon fre- 
quency and the presence of the C=O frequency of the malonyl 
group could be verified in the CMR spectra. The presence of the 
malonyl group was also confirmed by synthesizing 13C enriched 
(CH2-(CO)2) malonyl-bis-desformyl gramicidin where malonyl 
by-products could also be identified with high sensitivity. 

B. Incorporation of Malonyl Gramicidin 
into Lysolecithin Micelles 

The source of egg yolk lysolecithin, containing primarily palmitic 
and stearic acid in position 1, was Sigma Chemical Company, St. 
Louis, Mo. ; it was used without further purification. The studies were 
carried out in 99.7 % DaO (Merck & Co., St. Louis, Mo.) in order 
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that the deuterium could be used as a lock signal for the nuclear 
magnetic resonance studies. Sonication, by means of a Branson cell 
disruptor model W-225R for 3 rain at power 3 employing a cup 
horn accessory, was used to disperse the lysolecithin micelles in 
D20. A measured quantity of malonyl gramicidin was then added 
to result in a concentration of approximately 3 raM. After shaking 
the suspension with a Vortex mixer for several minutes, it was 
sonicated for 6 min at power 4. Following the procedure previously 
used to achieve a stable channel-like state for gramicidin (Urry et 
al., 1979b), the sample was heated for more than 12hr at 60 70~ 
The sample used in the T t, chemical shift, and line width experi- 
ments was incorporated after addition of 0.5mMNaC1, while the 
sample used in the T 2 and line shape analyses was incorporated 
after addition of 5.76my~NaC1. Malonyl gramicidin appeared to 
incorporate more readily than gramicidin as judged by a shorter 
time required to achieve a clearing of the suspension. 

C. Sodium-23 Nuclear Magnetic Resonance Methods 

1. Instrumentation 

23NaNMR data were measured at 26.3 MHz on a JEOL FX-100 
spectrometer equipped with a 10-mm multinuctear probe and 
operating with a deuterium lock. The probe temperature was 
maintained at 30.5 _+ 2 ~ by a JEOL VT-3B temperature controller 
and was measured directly in the sampling area by a Fluke 
temperature probe. The spectrometer was operated in the pulse- 
Fourier transform mode by a Texas Instruments 980B computer 
(48K memory) with foreground-background data acquisition and 
analysis capability, utilizing a Diablo 31, 1.14 megaword capacity, 
disk system for data and program storage. The 23Na signal was 
collected as a free induction decay from the probe via a direct 
memory access channel (background) to the CPU. All data analy- 
sis and relaxation time calculations were carried out in the fore- 
ground of the computer. 

2. Longitudinal Relaxation Studies 

Experimental. 23Na longitudinal relaxation times (Tx) were ob- 
tained using the inversion recovery method ( 1 8 0 ~  ~ pulse 
sequence). The 180 ~ pulse width for the micellar-malonyl gramicid- 
in-NaC1 system was determined as the pulse that gave no detect- 
able 23Na signal. A delay time of 400msec (>5  x T,) was allowed 
after each pulse sequence for complete return to thermal equilib- 
rium_ The T~'s at each NaC1 concentration were calculated using 
from seven to nine paxtially relaxed spectra collected at various 
pulse intervals (z). The pulse interval for complete relaxation was 
also taken as greater than 5 x T,. The relaxation time for free 23Na 
was measured for 10mMNaC1 in D20  at 30.5_+2 ~ to be 57 msec 
and for 10 mM NaC1 plus lysolecithin micelles at the same tempera- 
ture to be 49 msec. 

Data Analysis. For 23Na exchanging between a free state f m 
solution and a bound state b, the longitudinal relaxation rate R~ is 
given by 

R~ =I/T~ = P f R ~ f  +PbR~ (1) 

where R l f  and Rib are the 23Na longitudinal relaxation rates at 
the states f and b. The excess relaxation rate is then 

R 1 - R ~ f = P b ( R ~ b - R , y  ). (2) 

Following James and Noggle (1969), when the total site con- 
centration, Cr, is much less than the total sodium concentration, 
Na t ,  

1 q (3) 
(R 1 __Rlf)-  t = Cr(R~b-R1~f) [Na t  + Kg 

such that a plot of the reciprocal of the differential rate, (R 1 
-- R ~;) *, against the total ion concentration will be a straight line 
for a simple binding process and the extrapolated negative x-axis 
intercept will provide the reciprocal of the binding constant, 
(Kb) *. The value of R , f  of 20.4 sec * was determined for the same 
lysolecithin micelle concentration in the absence of malonyl grami- 
cidin. 

3. Transverse Relaxation Studies 

Experimental. 2SNa transverse relaxation times (T2) were obtained 
using the Carr-Purcell-Meiboom-Gill pulse sequence (90 ~  
(v -180~  The 180 ~ pulse width was determined as for T 1 
measurements. The maximum 2aNa signal was detected following 
the shortest delay after the 900 pulse allowing for instrument 
recovery time, and then successive spectra were collected at longer 
pulse intervals (1:) to observe the relaxation in the transverse plane. 
A 300-msec delay time was allowed for equilibration after each pulse 
sequence. Spectra were collected over four overlapping regions of 
varying z in order to completely describe the decay of the signal. 
The transverse relaxation time for free 23Na (T2f) was measured 
for I0mMNaCI in D20  at 30 .5•176 in the presence of lysolec- 
ithin naicelles and was found to be 50msec. 

Data Analysis. Under certain conditions the decay of the transverse 
magnetization is experimentally found to be nonexponential. This 
observation is explicable by the theoretical analyses of Hubbard 
(1970), Bull (1972), and Bull et al. (1973) who have shown that for 
a quadrupole-relaxed spin-3/2 nucleus, such as 2SNa, the decay of 
the transverse magnetization is given by 

M r = M o [0.6 exp( - t/T2) + 0.4 e x p ( -  t/T2')] (4) 

where T 2 and T[' are the fast and slow components of the trans- 
verse relaxation times, when the extreme narrowing condition is 
not satisfied at the binding site. Our interest in these two com- 
ponents is that they are related to the correlation time, G, at the 
binding site as follows (Bull, 1972; Bull et al., 1973; Norne et al., 
1979): 

x 2 r z~ 1 
1/T/z=I/T2y+P~" 20L %+'1 +co "c~] ~ (5a) 

and 

Z 2 f r c ~c ] 
1/'T~'=I/Tif+P,~'" 17~" ~v_ i+~]  (5b) 

20Ll+4eJ  zc l+co  z c 

where Z is the quadrupole coupling constant at the weak site and o0 
-16.5  x t0" rad/sec. A T2~ of 50msec was obtained on a suspen- 
sion of lysolecithin micelles in the absence of malonyl gramicidin. 
From Equations (5a) and (5b) one obtains the following re- 
lationship between relaxation times and the correlation time: 

1/T; - 1/T w _ 1 + 1/(1 + 6o 2 ~ )  (6) 

1 /Td ' - I /T2 f  1/(1 +46o2 ~2)+ 1/(1 + oA2 T2) ' 

Using this equation, -c. may be computed if Td and Td' are known. 
Once % is known, the off-rate is readily computed, since 
k'~ef~-l/'c c (Corn61is & Laszlo, 1979}. Thus, with determination of 
the two relaxation time components, it becomes possible to eval- 
uate an off-rate constant under conditions where Eqs. (5) and (6) 
apply. 
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Determination of  ~ and T[' for the Nonexponential Relaxation. The 
fast and the slow components of the transverse (nonexponential) 
relaxation may be achieved by two alternative methods. One 
method makes use of the direct determination of the decay of the 
transverse magnetization with time while the other consists of 
analyzing the non-Lorentzian line shape that results from such 
nonexponential relaxation. 

Curve-Stripping. Experimentally one may directly observe the vari- 
ation of the transverse magnetization, M~, with time t, then fit the 
resulting plot of M t vs. t to Eq. 4 by least-square analysis, and 
obtain T~ and T~' (Chang & Woessner, 1978). 

DeconvoIution of  the N M R  Line-shape. Owing to the presence of 
two components for the transverse relaxation, the 23NaNMR line 
signal is found to be distinctly non-Lorentzian. In fact, the line 
signal is simply a sum of two different Lorentzians, one due to the 
fast component with line-width of 1/~zT[ and the other narrow 
Lorentzian due to the slow component with a line width of 1/=T~'. 
The line-widths of the broad and narrow components can be 
obtained fi'om v~z, the width at half height, and Vt/s, the width at 
(1/8)th of the actual line signal, by following an interesting method 
described by Delvilte, Dettellier and Laszlo (1979). Alternatively, 
one may perform a full deeonvolution of the non-Lorentzian line 
signal into its broad and narrow components. The results of the 
Lazlo method (Delville et al., 1979) and the full deconvolution will 
be compared. 

Line Width vs. ChemicaIShift Plot. The role played by the off-rate, k'off, is 
demonstrable by considering a line-width vs. chemical shift 
plot (see Results). By combining Eqs (7) and (8) one may eliminate 
P~ to obtain the relation, with vy=0, of 

. v t ~ 4~v(v t -v )  2 
V ~ J - -  - -  J - -  , 1/2 vl/2+vt(Vl/2 vt/2)+ 

v t  l g t o f f  
(9) 

For a given v ~ and v]/2, the shape of this pIot depends on the off- 
rate, ktoff. Additionally, the fast exchange assumption can be 
checked or corrected with use of the more general expressions of 
Feeney et al. (1979)- see Eqs. (9) (11) of that paper. 

D. Measurement of Single-Channel Currents 

Optically black lipid membranes were formed in a Teflon chamber 
as previously described (Bradley et al., 1977; Bradley et al., 1978). 
The lipid used was 1 ~ (wt/vol) diphytanoyl phosphatidyl choline 
in n-decane. The lipid bilayer membrane area was about 2 
x 10 -3 cm 2 for the single-channel measurements. A Tektronix 
storage oscilloscope was used to store the single channel events 
and 10 or more events were averaged for a given membrane. The 
sodium chloride concentrations used were 0.1, 1, 3, and 5.5 M. The 
activity coefficients for conversion to molaI activities were ob- 
tained from Harned and Owen (1958), and the studies were carried 
out at 25~ for 50, 100, 150, and 200inV. 

4. Concentration Dependence of Chemical Shift and Line Width 

Experimental. The ZaNa chemical shift at varying NaC1 con- 
centrations in the micellar malonyl gramicidin system was calcu- 
lated using, as the reference at 0ppm, the signal from 10mMNaC1 
in D20  (free sodium), under equivalent experimental and in- 
strumental conditions. In all cases the chemical shift for Z3Na in 
the presence of micellar-malonyl gramicidin is negative, as the free 
sodium signal occurs at lower field than the bound sodium. Since 
the Tar (50msec) for free 23Na in the presence of micelles corre- 
sponds to a line width at half signal height of 6Hz  and the 
experimentally observed line width was found to be approximately 
10 Hz, the difference of 4 Hz instrumental line broadening is taken 
as due to magnetic field inhomogeneity. These corrections will be 
taken into considerations in the Laszlo line shape and signal 
deconvolution calculations 

Data Anqlysis. The variation of chemical shift and line width with 
total sodium concentration can also be used to characterize a 
binding process and can be particularly useful in separating out a 
tight binding process which may dominate at low ion concen- 
trations. The expressions for the chemical shift, v (in Hz), and line 
width, Vl/2 (in Hz), are quite simple if the exchange at a tight site is 
sufficiently rapid. Assuming the fast exchange condition (Popie, 
Schneider & Bernstein, 1959; Binsch, 1968; Feeney et al., 1979), we 
may write 

v=Prvi+P~vt; K~ = function (Pj-, P0 (7) 

and 

2 v~ v 1/2 = v{/2 + Pt(vl/~ - v{/2) + 4re P~(I - P~) ZV-- (8) 
koff 

Both the line width and chemical shift data may be least-squares 
fitted to Eqs. (7) and (8) in order to obtain values for K~, v r v~l/z 
and k t o f f .  

E. Calculation of  Single-Channel Currents 
using NMR-Derived Rate Constants 

In an approach similar to that employed by Sandblom et al. (1977) 
the channel is considered as occurring in a number of different 
states, depending on the number and location of ions in the 
channel. Taking the probability of a given channel state, or equiva- 
lently the fraction of time that a channel is in a particular state, as 
Z~ for i=0,1  . . .n  states where Zo, for example, represents the 
probability of the unoccupied channel, the single-channel current, 
I~, due to the x ion may be written 

/x=zey~&.q,jZ, (10) 
i j 

where z is the valency or unit charge on ion x and e is the number 
of coulombs per unit charge, i.e., 1.6 x 10 19C. The quantity ~u is 
the fraction of total channel length which changes with the rate qu 
X~ where the summation over j involves all those rate processes 
beginning with state i. The fraction of length 2 u may be viewed as 
a one dimensional vector quantity which is positive for movement 
down the potential gradient and negative for movements against 
the potential gradient. The units of qo are s ec - l ;  for first-order 
processes q~ is the rate constant, and for second-order processes it 
is the product of the ion molar activity times the second-order rate 
constant with units (Msec) ~. 

By way of example, consider the two-site model of the channel 
with the four states oo, xo,  ox  and x x  and the single channel 
current Eq. (A2) of Appendix A. The unoccupied channel state, o o, 
has the probability, Z(oo), equivalent to Zo of Eq. (10); state X~ 
would be the singly occupied state, Z(xo), etc. The qo for the oo 
state in Eq. (A2) are C' x k 1 for the entry of the ion from the positive 
side of the membrane and C2 k -2 for entry from the negative side 
and the associated 2_ij are the signed length ratios (d -a l ) /2d  and 
- ( d - a l ) / 2 d  , respectively, where the lengths are defined in Fig. A- 
lb. As a sample calculation, consider the contribution to the 
current of the term z e(2at/2d ) k 5 Z(x o) of Eq. (A2) which would be 
the term ze2_~ q~  Z~ of Eq. (10). For a sodium ion z ~ l ;  for the 
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two-site model (see Figure A-2b) (2a~/2d)=21/26; and somewhat 
arbitrarily choosing the situation where X(xo)=0.3 and k s 
= 107 sec- ~ gives 

(I~)x ~ =(1.6 x 10- 19 C)(0.81)(107/sec)(0.3) 

=3.9 x 10- ~3 C/sec. 

At a transmembrane potential, E, of 100mV and with the relation, 
I = E/R = EG where R is the resistance and G is the conductance, 
this gives a contribution to the conductance of 3.9 x t0-~2 C/Vsec 
or 3.9 pS. 

For a given occupancy model, the set of Z~ of the steady-state 
equations, i.e., of Eqs (A1), (A5), (A7), (A10) and (A12) for the five 
models considered here, can be solved in terms of voltage-de- 
pendent rate constants and concentrations with the addition of the 
conservation Eq.(B2), as outlined in Appendix B. Accordingly, our 
next concern is to outline the means of introducing voltage de- 
pendence into the NMR-derived rate constants. 

Rate Theory Conversion of NMR-derived Rate Constants to Voltage 
Dependent Rate Constants. Following Eyring rate theory (Zwol- 
inski, Eyring & Reese, 1949; Johnson, Eyring & Polissar, 1954; 
Parlin & Eyring, 1954; Eyring & Urry, 1963; 1965), the free energy 
change for moving an ion from one side to the other of a mem- 
brane, across which is applied a voltage, is zFE where z again is 
the charge on the ion, F is the Faraday and E is the potential or 
electromotive force. On applying a voltage across a membrane the 
cations on the positive side are raised by zFE/2 and lowered by an 
equivalent amount on the negative side. Our present concern is the 

change in free energy profile for crossing the membrane which is 
brought about by the applied potential. For simplicity it is as- 
sumed that the potential gradient is linear. This means, of course, 
that the free energy change due to the applied potential would be 
zero at the center of the membrane. This is strictly correct for the 
ion transport of interest here because the membrane is a symmetri- 
cal lipid bilayer and because the ion channel has two-fold sym- 
metry perpendicular to its channel axis. Also considering the most 
immediately involved backbone atoms of the helical channel, 
linearity remains a good approximation since in each monomer 
there are 16 peptide moieties which alternately point parallel and 
antiparallel to the helix axis. It is necessary to go to the side chains 
of the helix before a significant perturbation of linearity could be 
anticipated because of the tryptophan residues being clustered near 
the carboxyl end of the channel. Because of the particular structure 
of the gramicidin channel, an assumed lJnearity of the potential 
gradient is not an unreasonable first-order approximation. Accord- 
ingly, the factor by which the NMR-derived rate constants should 
be multiplied is exp(~zFE/2dRT) where 2d is the length over 
which the potential is applied and [ is a length along the channel 
from a minimum in the free energy, i.e., a binding site, to the rate 
limiting barrier for the jump being considered. For convenience, a 
quantity X is defined as X=-exp(zFE/2dRT) such that the rate 
constants are multiplied by the quantity X e where the length is 
defined by the energy profile for the particular multiple occupancy 
model being considered (see Appendix A). The correct introduc- 
tion of voltage dependence in the single-channel current equation 
is checked by verifying that the current is zero when E is zero and 
that the current exactly reverses when the sign of E is reversed. 
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Fig. 2. (A): Reciprocal of the excess longitudinal relaxation (ELR) rate plotted against [Na]T, for Cr~2 .8  raM, and T1~=47 msec. The 
nonlinear plot suggests that there are two types of binding sites. Two different straight lines fitted to low and high sodium concentration 
data are shown. The x-axis intercepts marked yield only "apparent" binding constants. Calculations show that the actual binding constant 
of the weak site is lower than seen here (see text). (B): Reciprocal of the excess line width plotted against [Nar]  also showing a ~ 
around 100 mM, suggesting that there are two types of sites. The resulting "apparent" binding constants closely agree with those obtained 
from the ELR plot. The line width v{: 2 in the channel-free micellar system is 10 Hz. Since vt/2= 1/(~T2), this plot may be considered to be 
an excess transverse relaxation (ETR) rate plot 
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Results 

A. Characterization of the Sodium Binding Sites 

1. Analysis of the Excess Longitudinal Relaxation 
Rate (ELR) and Excess Line Width (ELW) Plots 

The ELR and ELW plots shown in Fig. 2 provide 
convincing evidence for the existence of two types of 
sites. The T 1 data plotted in Fig. 2a show the 
striking feature that the data points, instead of 
falling on a straight line as is expected when a 
single binding process is present, are described 
by a nonlinear curve with the slope decreasing 
with increasing Na T . The data points can be 
fitted to two different straight lines, the one at low 
concentration range, 15-75mM, giving an axis in- 
tercept of --15 raM, while for the high concentration 
range, 100-450raM, a larger intercept of --63raM is 
seen. The plot therefore indicates the presence of two 
types of binding sites, a tight site with an apparent 
binding constant of 67M -~ and a weak site with 
apparent binding constant of 16M-L Owing to the 
presence of two overlapping binding processes, the 
actual binding constants may differ. To take into 
account the presence of the two binding sites, the 
tight site t and the weak site w, Eq. (2) for the excess 
rate may be modified as follows: 

R~ - R l z  =Pt(R it -RIf)+Pw(Rlw - R w .  ) (11) 

where Pt and Pw are fractions of the ions bound to the 
tight and weak sites, respectively. The exact details of 
the multiple occupancy model determines the re- 
lationship between the fractions bound Pt and Pw and 
the binding constants K~ and K~. Actual bind- 
ing constants and the relaxation rates Rlt and R~w 
at the binding sites are deduced by least-squares 
fitting of experimental data in Fig. 2 using Eq. (11). 
Using the two-site model, the ELR data is best 

t 1 w described by Eq. (11) with a Kb--63M- K b 
=1.4M -~, T~=0.5msec and Tlw=0.19msec. For a 
three-site model, the least-square analysis yields the 
values K~=63M -1, K~=0.5M -z, Tit=0.45 msec , TI~ 
=0.20msec. The finding that TI~< Tit, i .e. ,Rl~>Rlt,  
is consistent with the presence of an ion at the tight 
site causing a larger fluctuating electric field gradient 
for the second ion, which results in a faster relaxation 
rate for the second binding process. The ELW plot in 
Fig. 2b also exhibits similar features, i.e., two sites 
where apparent binding constants of 63 and 10M- 
are evident. 

2. The Off-Rate at the Weak Site 

Curve Stripping. The relaxation of the transverse 
magnetization at [Na]T~350mM was found to be 

nonexponential: A plot of In M~ vs. t turned out to be 
nonlinear with two different asymptotic slopes at 
small t and large t, as expected from Eq. (4). The 
curve was successfully "stripped" to obtain its expo- 
nential components, resulting in the values of T~ = 0.4 
_+0.15msec and T j '=8 .0 i l . 0msec .  These yielded a 
value of (3.0 + 1.0) x 107/sec for the weak off-rate, koWff. 

Line-Shape Analysis. At this high sodium concen- 
tration, the shape of the line signal was found to be 
non-Lorentzian. With vl/2-~38 Hz and hi ,  ~- 120Hz. 
Correcting for field inhomogeneity and using Laszlo's 
method (see Eqs. (8) and (9) of Norne et al., 1979) 
gives 7- I = 0.25 i 0.05 msec and T[' = 8.6 Jr 0.2 msec giv- 
ing, ko~rf=(2.1 _0.3)x 107/sec. When corrected for in- 
homogeneity the full deconvolution of the line signal 
yielded the following values' 7- I = 0.27 _+ 0.05 msec, 7- S 
= 8.7• ko~f =(2.3_+0.3 ) x 107/sec. Thus, 
Laszlo's simple method is found to agree very well 
with the full deconvolution. It may also be noted that 
the relaxation times obtained from the direct analysis 
of the decay of the transverse magnetization, M~, 
agree reasonably well with those derived from the 
line shape analysis. 

3. Concentration Dependence 
of Chemical Shift and Line Width 

The tight binding site may be further characterized 
by the variation of chemical shift and line width with 
[Na]r  at low sodium concentrations (see Fig. 3). The 
tight binding process results in a rather large chemi- 
cal shift of 22ppm for [Na] r~0 .5mM with a cor- 
responding line width of ~275Hz.  Assuming one 
tight site per channel molecule (for the two- and 
three-site models), the best fit to the chemical shift 
data is obtained for the values K~=146_+20mM, v t 
=1850_+100Hz. The agreement between the calcu- 
lated curve and the experimental data is quite good 
for this case. On the other hand, consideration of two 
tight sites per channel (four-site model) results in the 
values of K~----290• and %=825_+100Hz. 
However, as shown in Fig. 3, the fitting in this case is 
not as good as the previous models with one tight site 
per channel. Thus, the chemical shift data analyzed 
by Eq. (7) seems to support two- and three-site mod- 
els and, as will be seen later, the four-site model 
does not give rise to the experimental currents. 

Similarly, the line width data also characterizes 
the tight binding site. An approximate value of the 
line width at the binding site is obtained by fitting the 
line width data to Eq. (8), neglecting the third term 
(exchange term) of that equation. This analysis yields 
K~, -~ 125 M- 1 and vtl/2 ~ 995 Hz. The actual line width 
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at the tight site may be expected to be smaller if the 
exchange term in Eq. (8) were included. 

It may be noted that the chemical shift and line 
width data, at low concentrations of 0.5-10mM, show 
larger tight binding constants by a factor of two than 
obtained from analysis of the ELR plot. This may be 
an indication of the kind of precision with which the 
binding constants are obtained for the type of system 
under study. In this context it must be pointed out 
that besides N M R  experimental limitations measur- 
ing chemical shift and line width accurately at low 
[Na] r ,  there is also some variability in the micellar 
incorporation of malonyl gramicidin. Thus, repetition 
of the ion titration experiments with another prepara- 
tion of the micellar incorporated channel molecules, 
resulted in some variation in the chemical shift and 
line width data. It is in this respect that it is very 
useful to consider the vl/2 vs. v plot. 

4. Analysis of the Line Width vs. Chemical Shift Plot 

A plot of the line width against the chemical shift is 
shown in Fig. 4. The experimental data points from 
four separate runs of the ion titration corresponding 
to various C r are shown. Since the relation between 
vl/2 and v does not explicitly involve Pb, the fraction 
of the ions bound (see Eq. (9)), the shape of the vl/2 
vs. v plot is independent of the binding constant and 
of the concentrations C T and [Na]T. In fact, the 
shape of this plot depends explicitly only on the three 
quantities vt, v~/2 and ktoff. Using the value of v~ 
obtained from the chemical shift data, the values of 
v t and ktoff a r e  adjusted until the vl/2 vs. v plot 1 / 2  

calculated using Eq. (9) agree with experimental data 
points. Using v t of 1850Hz obtained from the two- 
and three-site models, values of 7t/2 =840_+50Hz 
and ktoff = 105'5/sec (with an allowable range of 10 ~ to 
106.5 ) give the best fit to the data points. More 
general expressions valid for intermediate exchange 
(Eqs. (9)-(11) of Feeney et al., 1979) result in virtually 
identical values. 

On fitting three sets of chemical shift data, the 
tight binding constant for one tight site/channel 
models varied from 100 to 146 M-t and, as was noted 
above, the ELR plots resulted in values of about 
65 M-1. Since binding one ion in the two-site model 
destroys two tight sites, this suggests a two-site mod- 
el. For  the single-channel current calculations a round- 
ed mean number of 100 M- 1 will be used fo r /~ .  For 
the weak site, K; ~ is 1 M- ~ for the two-site model and 
0.5 M ~ for the three-site models. The relevant values 
for the three occupancy models are given in Table 1. 

B. Concentra t ion  and Voltage Dependence  
o f  Single- Channel  Currents  

The single-channel currents for malonyl gramicidin 
in diphytanoyl L-s-lecithin membranes are given in 
Fig. 5A as a function of concentration corrected to 
molal activities and for four different transmembrane 
potentials, 50, 100, 150, and 200 inV. The currents are 
approximately one-half the magnitude found for 
gramicidin channels in lecithin membranes (Kolb, 
L~iuger & Bamberg, t975; Bamberg, Kolb & L~iuger, 
1976; Anderson & Procopio, 1980). A lecithin mem- 
brane is favorable for comparison with studies on 
malonyl gramicidin incorporated into lysolecithin 
micelles because of the common polar head group 
and because it is likely that the barrier at the mouth 
of the channel is the rate limiting barrier. This is 
because the single-channel conductances vary with 
lipids containing different polar head groups, e.g., for 
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Table 1. NMR-derived binding and rate constants 

2-Site 3-Site 4-Site 

K~(~c ~) 100 100 300 
K~' (M- 1) 1 0.5 0.5 
Ktoff (sec-x) 3 • 105 3 x 105 2 x 105 
kowff ( see  1) 2 x 107 2 x 107 2 x 107 
Uo. (M- 1 sec- 1) 3 • 10 7 3 x 10 v 6 x 10 7 
ko~,(M-1sec l) 2• 1 • 1 x107 
kcborkc~(sec ~)" 3.2 x 106 1.2 x 106b lxl09~ 

" Values obtained from least-square current fitting. 
b This value applies to the virtual three-site model. 

Arbitrary maximal value used in calculations. 

glyceryl monooleate membranes the conductance by 
gramicidin is about 25 pS (Hladky, Urban & Haydon, 
1979), whereas for lecithin membranes it is about 
l l p S  at 25~ 1MNaC1 and 100mV, because the 
two-site models of Hladky et al (1979) and of Ander- 
son and Procopio (1980) give the major  barrier at the 
mouth, because the barrier for the off-rate from the 

tight binding site at low concentration is the same as 
for transport  through the channel (see the Introduc- 
tion), and because, as will be seen below, the experi- 
mental currents of Fig. 5A can be reasonably calcu- 
lated with the rate constants from the present nuclear 
magnetic resonance studies with two models which 
have the rate-limiting barrier at the mouth of the 
channel. 

C. Calculation of Single- Channel Currents 
Using NMR-Derived Rate Constants 

Given the steady-state schemes and steady-state 
equations of Appendix A, the values of the %i can be 
solved as indicated in Appendix B as a function of 
concentration and rate constants. Thus for the gener- 
al current equation, or for the single-barrier current 
equation, there is now required the appropriate  def- 
inition of rate constants and of distances and the 
introduction of voltage dependence. From the so- 
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Fig. 5. Single-channel currents as a function of ion activity for various applied transmembrane voltages: (a) 50 mV, (b) 100 mV, (c) 150 mV, 
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squares fit of the currents with the experimental data in A. Such an optimization of kcb was unsuccessful for the four-site models (E and F) 
and so these plots correspond to kcb = 109/sec. Note that the general three-site model in C contains no such adjustable parameter 

dium-23 nuclear magnetic  resonance data  there are 
four rate constants defined (see Table 1) and there is 
a limited range placed on any intrachannel  ion trans- 
location in that  the latter rate process must  be slower 
than a diffusion controlled limit of 101~ (Chock et 
al., 1977) and faster than kraft. Accordingly,  with the 
NMR-der ived  rate constants, with the ion locations 
taken from the crystal structure studies, and with 
Eyring rate theory, there are all the quantities re- 
quired to calculate with, at most, one parameter  but  
that  parameter  must  fall within a limited range. 

1. The Two-Site Model  - (General) 

Using Fig, A - l b  of Appendix  A, lengths may be 
defined d l = ( d - b l ) ,  d2=(bl-al) where d= 15 ,~ ,  a 1 
= 1 0 . 5 ~  and bl =13  ~. With the definition from the 
Methods  section that  X -  e x p ( z F E / 2 d R T )  the desired 
vol tage-dependent  rate constants  can be written as 

k l = U o . X ~  �9 k - * - l :  ~ g - & .  

k 2  - -  ~1" y ~ 2 .  k - 2  t - - d ; 1 .  
- -  ' ~ o f f  ~ ' = kon X , 

k 3 = k ~ f f X ~ ;  k-3-k~- on X-e~" 

k 4 = k ~  X <" k -  * - P~ v < "  
- -  ' ~ o f f  ~ 

k S = k ~ b X  ~ and k S = k ~ b X - <  

where 101~ >kcb>Uoff is the range of values to which 
the rate constant  for movement  over the central 
barrier is restricted. With the values in Table 1 for 
the two-site model  and using either Eqs. (A2). (A3) or 
(A4), the single-channel currents of Fig. 5B are calcu- 
lated with kcb = 3.2 x 106/sec. 

2. The Three-Site Model  - (General) 

Using Fig .A-2b of Appendix  A to define the lengths 
{~l=(d-b2), {'2=(b2-a2) and ff3=(a2--bl) where d 
= 15/~, b l = 6 . 5 & ,  b z = 1 3 / k  and a 2 =  10.5/~,, the volt- 
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age-dependent rate constants are written considering 
all weak sites as equal whether there are none, one, 
or two other ions in the channel, i.e., 

k x=k  5=ks=k12=kowX~;  
k -  I = k -  S = k - S = k - 1 2 = k ~ r f  X - & ;  
k 2 k 6 = k V = k l I  w = - -  kof f X E2 ; 

k - 2 = k - 6 = k  V=k-l l__ko ~wX t,; 
k 3 lo t w = k  =(kon/Kb) X~3; 
k - 3 _ l: - l o _ lzt y - b ~ . 

k 4 = k 9 = ktoff X b ' ;  

In this model there is no parameter but there are the 
neglected ion repulsions noted above, and a doubly 
degenerate central site with 5 A separation is treated 
as a single site. The calculated single-channel currents 
are given in Fig. 5 C. 

3. The Three-Site Model with Virtual Weak Sites 

As will be considered in the Discussion section, 
should there be occupancy greater than two, the 
N M R  data argues that a virtual weak site model is 
required where the weak site is formed after occu- 
pancy of the tight site. Using Fig. A-3b the lengths f~ = 
(d-b2)  and d2=(b2-a2)  with d = 1 5 h ,  b 2 = 1 3 h ,  and 
a2 = 10.5 A are defined and the voltage-dependent rate 
constants are written: 

k l = k  t Y ~ ' k - l - b t  y b2. 

k2--'~off/ct ~Yb2",k 2 = k t o n X  d l ;  

k 3 = k V = k ~ n X  d 2 ; k - 3 = k  7 = k o f f X - d 2 - ,  

k 4 = k 6 _ t,w y ~ .  k-  4 k-  6 __ w -d l  
- -  ' ~ o f f  ~ ' = - -  kon X ; 

k 5=k~sX e"~ and k - 5 = k ~ s X  2~ 

Accordingly, b 1 is still taken at 13 ~ and a 2 is at 15 
with b2 beyond the length over which the potential 
drop is taken such that d and b 2 are both taken at 
15 A. Defining the lengths, in general, as dl = (d -b2) ,  
d z = ( b z - a 2 )  , d 3 = ( a z - b  0 and d'4=(b 1 - a l ) ,  the volt- 
age-dependent rate constants are written for those 
ion movements with the potential gradient as, 

k l = k  7 = k 9 = k  11 = k 2 0  = k  21 = k  25 : k  2s  : k o W n X d l ;  

k2=k6=kS=klO=klS k t g _ k 2 6 _ l , - 2 7 _ b w  X E 2 ;  
- -  - -  '~ - -  '~off 

k3_k14  k 1 6  22__ t w z3. 
- = - k  - ( k o n / G ) x  , 

k 5 = k  1 3 = k  1 7 = k z 4 = k t o f f X d 4 ;  

k4=klZ  = k  is =k23 =kcb Xa'. 

The other half of the rate constants for movement up 
the potential gradient can be written by symmetry 
and by comparison with the simpler models. As seen 
in Fig. 5E, this model does not give very satisfactory 
values for single-channel currents. This may, of 
course, be due to the neglect of certain ion-ion re- 
pulsions. The interactions of ions in positions 1 and 2 
with 3 and 4 are neglected; the interaction between 1 
and 2 and between 3 and 4 are considered to occur in 
the determined rate and binding constants, and the 
binding at sites 1 and 4 are taken to be the same 
whether or not sites 2 or 3 are occupied. Admittedly 
these are gross assumptions, but it is of particular 
interest to demonstrate that given the one adjustable 
value of k~b, the experimental currents cannot be 
approached. As will be seen below, even with a 
virtual weak site-four site model which adheres better 
to the dictates of the N M R  studies and which only 
neglects the ion interactions at 21A or greater, the 
comparison of calculated with experimental values 
fares no better. 

where the central shift of a pair of ions has the 
possible range of 101~ f. To be strictly in 
accord with the X-ray data the central tight site 
should be doubly degenerate and separated by 5 •. 
For simplicity this is combined at a single central 
location. The weak sites are centered within the first 
outer turn of helix 2.5 A from the carboxyl end. The 
calculated single-channel currents as a function of 
activity and voltage for this model are given in 
Fig. 5D and the value for kcs is 1.2 x 106/sec. 

4. The Four-Site Model - (General) 

With reference to Fig. A-4b and as with the two-site 
model, the X-ray data places the tight site at 10.5 
(al) from the center and the N M R  data argues that 
the weak site is an outer site (see Discussion below). 

5. 7he Four-Site Model with Virtual Weak Sites 

In the virtual weak site-four site model, depicted in 
Fig. A-5, the weak site is considered not to be stable 
until its paired tight site is filled and improbable 
simultaneous two-ion jumps are not considered. De- 
fining the lengths d l = ( d - b 2 ) ,  d 2 =(b 2 -a2 )  and d3 
=(b 2 - a l ) ,  the voltage-dependent rate constants are 
written 

k 1 k6__ s t < ~=k 6 s_/~t y-~3.  = k =ko, X ; k = k -  -,.off ~ ' 

kZ=kS=bv_ l r t  y t3 .  k 2 = k - S = k - 7 - U  X -tl" 
k 3 = k 9 = k 1 2 = k  TM Y ~ "  k 3 = k - 9 = k - t 2 - k ~  g t~. 

"-on ~ ~ - -  '~off ~ 
k 4 = k l O _ k l l _ l ~ W  yt2.  k - 4 = k  t O = k - t l = k W  y el. 
k 13 = k~ b xZa~ and k- 13 = k c  b X - 2al 

where the lengths are the same as for the general 
four-site model. The calculated single-channel cur- 
rents are given in Fig. 5F. This model which retains a 



40 

certain consistency with the N M R  data and which 
does not have a serious neglect of ion-ion interac- 
tions is not capable of approaching the experimental 
values. The treatment does neglect ion repulsion oc- 
curring at 21~  or more, but this is not serious for a 
model which necessarily states that a second ion can 
bind within 5 ~ of an initial ion with less than a 102 
difference in binding constant and at a site which is 
inherently weaker, whereas the same neglect of ion- 
ion interactions at 21 ~ in the virtual three-site model 
does give rise to reasonable currents. 

Discussion 

General Requirements of the Energy Profile 

At low concentrations, 1-10mM, the temperature de- 
pendence of line width (Urry et al., 1979a-b) and of 
T 1 (see Fig. 6) give an activation energy for exchange 
with the channel of 7.2_+ 0.2 kcal/mole whereas the 
activation energy for transport through the channel is 
reported as 7.3 kcal/mole (Bamberg & L~iuger, 1974). 
This result is interpreted to require that no barrier in 
traversing the channel is higher than the barrier 
encountered on passing from solution to the tight 
site. All of the models considered here adhere to that 
requirement of the energy profile (see the five figures 
of Appendix A). 

Since at high concentrations a weak site is ob- 
served in which the ion exchanges between solution 
and a channel interaction site, for a single-filing 
channel this requires that the weak site be external to 
the tight site; for if the weak site were central to the 
tight site, the ion movement from solution to the 
weak site would require passing over the major bar- 
rier through the tight site to the weak site in which 
case the major barrier would allow only a slower 
exchange between solution and channel. Thus in all 
the models considered here, the weak site is located 
external to the tight site, or more correctly to include 
the two-site model, the weak site is reached without 
passing through the tight site. 

There is yet another restriction on the energy 
profiles; that is the positioning of the major barrier 
with respect to the weak and tight sites. If the major 
barrier were located between the weak and tight sites 
as in Figs. 9 and 11 for the general three- and four- 
site models, then the ion in solution should be able to 
exchange many times between solution and the weak 
site during the time for a single exchange between 
solution and the tight site. This means that the relax- 
ation properties of the pool of ions would be domi- 
nated by the weak site even at relatively low con- 
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Fig. 6. Temperature dependence of the longitudinal relaxation 
time, T~, giving an energy of activation of 7.2kcal/mole for ex- 
change of Na" with the channel, realizing that 1 /T  1 is directly 
proportional to % [ = A exp (E /R  T)] 

centrations even though the binding constant at low 
concentration as determined from the chemical shift 
data would reflect the free energy change on going to 
the tight site. There may be a suggestion of this effect 
since the binding constant determined by fitting the 
chemical shift vs. ion concentration data (see Fig. 3) 
at low concentration results in a value which is 
greater by a factor of two than that obtained from 
fitting of the ELR plot of Fig. 2A. While we believe 
that this factor of two is within the error for estimat- 
ing such binding constants, it may be a reflection of 
the statistics for a two-site model. 

The implication, that the relaxation properties are 
determined by the off rate from the tight site (ktoff'~ 3 
x 105/sec) at low concentration, however, is that the 

weak site is a virtual site which occurs only after the 
channel has been occupied at a tight site. This is the 
case whether the model is the general two-site or one 
of the virtual three- and four-site models. In the two- 
site model, while the weak site occurs at the location 
of a possible tight site for one ion in the channel, the 
repulsion between ions on entry of the second ion 
creates two weak sites. In the virtual three- and four- 
site models, on the other hand, the second ion has 
passed over the major barrier and cannot slide en- 
ergetically down hill into the tight site as it is oc- 
cupied. The energy barrier on one side and the re- 
pulsion from the ion in the tight site on the other side 
creates or stabilizes a weak binding site. 
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Fig .  7. Single-channel currents least-squares fitted to the experimental data. All rate constants have been adjusted to produce an optimum 
fitting with the experimentally measured current for various ion concentrations and transmembrane potentials: (a) 50 mV, (b) 100mV, (c) 
150mV, and (d) 200inV. The following values have been used in calculating the currents: 

A) K~ = 200 M- 1, K~' = 1.3 M- 1, Uoff = 1.6 x l0 s sec- 1, koWff = 7.9 x 10  6 s e c -  1 ,  kc b = 1.3 x 107 sec- 1. 
K b = 100 M 1, K~ ~ 1.0 M- 1, ktof f  = 1.1 x 105 sec 1 korf _ 5.8 x 106 sec 1. kc ' = 4.8 x 106 sec- 1. 

C) K~=75M -1, K~,=I.0M-1, Uorf=2.9 x 107sec 1, kyff=7.2 x 106sec 1 and A=3.1kcal-A/mole 

Comparison of Experimental 
and Calculated Single-Channel Currents 

In Fig. 5, it is apparent  that  the two-site and the 
virtual three-site models result in very reasonable 
currents whereas the general three-site and four-site 
models do not. Since the neglect of  ion-ion repulsions 
at 21/~ is c o m m o n  to both  the virtual three-site and 
the virtual four-site models, the inability of  the four- 
site models to derive reasonable currents, using the 
NMR-de r ived  rate constants, casts doubt  on the 
four-site models considered. This is consistent with 
efforts to calculate the chemical shift data  of  Fig. 3 
which indicated a poor  fit of  the data  when assuming 
two tight binding sites per malonyl  gramicidin mol- 
ecule (i.e., per channel). 

Recognizing that the error in the magni tude  of  
the NMR-de r ived  constants  can be a factor of two 
and is likely more, it is of  interest to determine how 
well the single-channel currents could be calculated 
by allowing the magni tude  of the four experimentally 
derived constants to vary. The results of  this are 
given in Fig. 7A and B where the calculated currents 
for the two-site and virtual three-site models can be 
found to fit extraordinari ly well over the entire con- 
centrat ion range and for each of  the four voltages 
used. While the best estimates of  the experimental 
constants were 

K t - - 1 0 0 M  -1  ~'-- M 1 t _ 105/sec b -- , K b - 1 k o f  f - 3 • 

and 

ko~ff = 2 x 107/sec, 

the best fit values change only to 

K~=200M -1, K ~ ' = I . 3 M  -1, Uof r= l . 6x l05 / sec  

and ko~ff=0.79 x 107/sec for the two-site model  and to 

w t 105/sec K~ = 100 M -1, K b = I M  -1, koff = 1.1 x 

and ko~t=0.58 x 107/sec for the virtual three-site mod-  
el. Thus by letting the constants change to obtain a 
best fit, the new values differ by no more  than about  
a factor of  two, i.e., within experimental limits. This is 
compelling evidence for the utility of  N M R  in the 
study of  ion channel interactions and for the poten- 
tial credibility of  the two models. 

The above does not  imply, however, that  other 
models are not  capable of  fitting the current curves 
with constants other than those derived from the 
N M R  data. If, for example, the values of all four 
constants of the general three-site model  are allowed 
to vary, a good  fit can be achieved, but  k t o f f  is found 
to change by almost  two orders of magni tude  to 2.1 
x 107/sec with the other values exhibiting smaller 

changes, i.e., 

K ~ = 7 5 M  -1, K ~ = I M  -1, 

and 

koWff  = 0 . 7 8  X 1 0 7 / s e c .  

This demonstrates,  therefore, how crucial it is to have 
independent  determinations of  the required constants 
because there is not  a unique set of  four or five 
constants that are required to calculate the single- 
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channel currents as a function of voltage and con- 
centration. 

Introduction of Ion-Ion Repulsion. A good fit of the 
general three-site model to the single-channel cur- 
rents was achieved by four parameters whereas five 
were used in Fig. 7A and B. It is instructive to 
include the neglected ion-ion interactions as a fifth 
parameter  in the general three-site model, by con- 
sidering the repulsion to have an r 1 distance de- 
pendence and taking the effective dielectric constant 
to be constant for distances of 10.5 A and larger. The 
new definitions of voltage-dependent rate constants 
become: 

k 1 = k~, X < exp(c(/RT); 
k l = k ~ f f X  t2exp[(c(-o:)/RT-i; 
k 2 = ko~ff X ~2 exp [(c~' -:~)/R r-i ; 
k v = ko~ f X ~ exp [(~'" - c(')/RT-I ; 
k-  7 = ko~ X - <  exp(~'"/RT); 
k s = kn~ X r exp (c("/R T); 
k-  8 = kWfr X -  r exp [(cJ" - ~")/R T] ; 
k 9 = Uof r X b~ exp [(c{ - c~i~)/RT-i ; 
k-9  t K w = ( k o n  / b ) X  -E3 exp(~V/RT); 
ktO (k t /K~XEaexp(c~i~/RT); =~, on/ b! 
k-  10 = ktoff X -  b l exp [-(C~ -- ~iV)/R T] ; 
kll  hw yd2 ,,, ,, �9 --,.off~ exp[ - - (~  --~ ) /RTT, 
k 11 ~ _ k o W n X - d l e x p ( _ c j , , / R T ) ;  

k 12--ko"X TM e ~ e x p ( - ~ " / R T ) ;  
k-  12 = k2,ef X -  c2 exp [ - (~'" - c(')/R T-I, 

and the other rate constants are as previously defined 
for the general three-site model. The ~ are defined as 
Q:=A/a2; ~'=A/b2; ~"=A/2a2;  c~"=A/(a2+b2) and 
0{ iv= A/(a 2 + b t), The new parameter,  A, is a repulsion 
energy times length in Angstroms. As may be seen in 
Fig. 7 C, an excellent fit is obtained with K~ = 75 M- 1 ; 

w_ ' -- 107/sec, koff=0.72 x 107/sec K b - 1 M 1, kof f -  2.9 x w 
and A=3.1 k c a l - A / m o l e .  If this model were correct, 
one would conclude that the repulsion between 
monovalent  sodium ions separated by 10.5 A would 
be only 0.3 kcal/mole. This model, however, is not to 
be concluded as correct. It is presented here for the 
purpose of demonstrating a general procedure for 
introducing ion-ion repulsion and it is done with the 
general three-site model, as it can be achieved with 
the same number of parameters as used with the 
other models. On the other hand, if the two-site 
model were correct, then the difference between the 
two binding constants would provide the value for A, 

w , __ i.e., K ~ = e x p ( - ~ / R T )  K~. With K b - 1  and K b -  100 b 
and ~=A/21,  the value for A becomes 5 8 k c a l - A /  
mole. Our lack of knowledge of the true repulsion 
energy is exemplified by the two values obtained for 
A, i.e., 3 and 58. Yet another estimate of A is ob- 

tained from the virtual three-site model where it 
could be argued that k'on=k2nexp(~/RT ) where 
=A/b  2 such that A=4 ,5kca l .  A/mole. By the same 
analysis for the two-site model, A is negative. This 
latter apparent inconsistency of the two-site model 
has been discussed elsewhere (Urry et al., 1980). Con- 
sideration of the general three-site model and the 
four-site models imply that values of the order of 
3 kcal. A/mole are reasonable, whereas for a two-site 
model to be correct the value would be about 
60kcal .  A/mole. The difference of a factor of 20 em- 
phasizes how poorly this important  quantity is 
known. It is, of course, of pr imary importance that 
the positions of the weak and tight sites within the 
channel be experimentally determined after which the 
correct model can be chosen and a correct value of A 
estimated. 

The experimental positioning of the ions within 
the channel will determine whether the two- or the 
virtual three-site model is correct, which will allow, 
with the NMR-der ived rate constants, a complete 
description of sodium transport  through the grami- 
cidin channel, including an evaluation of the funda- 
mental value for monovalent  cation-monovalent  cation 
repulsion under conditions of complexation in the 
channel. 
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many informative and stimulating discussions, and Md. A. Khaled 
of this Laboratory for his contributions to the early phases of the 
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Appendix A 

Multiple Occupancy Models: 
Steady-State Equations, Single Channel Current 
Equations and Schematic Energy Profiles 

The sodium-23 nuclear magnetic resonance data on 
micellar-packaged gramicidin (Urry et al., 1980) and 
malonyl gramicidin (presented above) demonstrate 
two resolvable binding constants, representing a tight 
site and a weak site, and the crystal structure studies 
on gramicidin cation complexes of the Stryer group 
(Koeppe etal., 1979) demonstrate two occupiable 
sites which by comparison with the N M R  data would 
be possible tight binding sites. While the crystal 
structure data do not demonstrate simultaneous oc- 
cupancy (i.e., multiple occupancy) within a single 26- 
A length of channel, the sodium-23 nuclear magnetic 
resonance data do indicate a second binding site, i.e., 
a second ion occupancy, becoming significant at con- 
centrations of 100mM and above. Accordingly, mul- 
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tiple occupancy models are required fi'om these stud- 
ies which, in fact, confirm previous deductions from 
electrical measurements on gramicidin-doped lipid 
bilayers (Eisenman, Sandblom & Neher, 1977; Sand- 
blom et al., 1977; Eisenman, Sandblom & Neher, 
1978; Urban, Hladky & Haydon, 1978; H~igglund, 
Enos & Eisenman, 1979; Hladky et al., 1979). Five 
single filing, multiple occupancy models are consid- 
ered here in terms of steady-state schemes, steady- 
state equations, schematic energy profiles and single- 
channel currents. 

Fundamental constraints imposed by the grami- 
cidin channel structure are the twofold symmetry 
axis perpendicular to the helix (channel) axis and the 
channel diameter which allows only single filing of 
ion and water molecules over the 26-A length of the 
channel. Possible positions for the tight binding sites 
are taken from the crystal structure data (Koeppe 
etal., 1979). Fundamental questions, which will be 
approached without prejudice, are the contribution 
to a central barrier of the positive image force due to 
the lipid of the lipid bilayer (Urry, 1978) and the 
repulsive force between ions within the channel. This 
initial, intentional lack of prejudice allows, for exam- 

ple, consideration of both a two-site model with a 
central barrier and with substantial repulsion at large 
distances (21 •) and a three-site model with the most 
energetically favored position at the center midway 
through the channel, with modest repulsion at 10A 
and with neglected repulsion at 21 ~. These are con- 
ditions variously allowed or imposed by the physical 
data, depending on the occupancy model being con- 
sidered. 

i. The Two-Site Model - (General) 

Because of the twofold symmetry of the gramicidin 
channel, the basic requirement of a two-site model is 
that the sites be identical and that the difference in 
binding between the first and second ion be due to 
repulsion. The tight binding site, therefore, is a case 
of single occupancy. Addition of a second ion to the 
channel results in there being two weakly bound ions 
in the channel. While the above are the structural 
dictates of the gramicidin channel, the steady-state 
schemes (see Fig. A-la) and the following steady- 
state equations can be considered as general for a 
two-site model. 

Two Site Model 
(general) 
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2(o o) = - ( G k l  + C~k-~)z(oo) 

+ k-  1 Z( x o) + k 2 7`(0 x) = 0 (A 1 a) 

2(X O) = C' x k I 7`(0 o) - ([s 1 -I- [s .jr_ C~ [s 3) 7`(x o) 

+ k-  5 7`(ox) + k3 7`(x x)=O (Alb)  

)/(o x) = C;; k-  ~ z(o o) + [s 7`(x o) 

-(ka+k 5+C'xk4)7 (̀ox)+k-47 (̀xx)=O (Ale)  

)~(x x) ~ C x [s 3 X( X o) Jr- C1x [s Z( O x) 

_([s + k - , )  7`(x x)=O 

where the 7̀  are the probabilities of the occupancy 
states, e.g., 7`(o o) is the probability of the unoccupied 
channel; C'~ and C j are the concentrations (activities) 
of ion x on the positive (left-hand) side and the 
negative (right-hand) side of the membrane, respec- 
tively; the k ~ are the constants for ion movements to 
the right and k -~ are for ion movements to the left as 
defined in the steady-state scheme (Fig. A-1 a) and the 7̀  
are the changes in probabilities with time, i.e., the time 
derivatives, which under conditions of steady state are 
zero. 

Given the lengths a 1,b 1 and d defined in the 
schematic energy profile for the transmembrane 
movement of the ion (see Fig. A-!b), the general 
single-channel current equation can be written 

z e  
I ~ = ~ { ( d - a ~ ) ( C ' ~ k  ~ - Cxk-  2) Z(oo) 

+ [ 2 a ~ k 2 - ( d - a O ( k  ~ +C~k 3)]7`(xo) 

+ [(d -a~)(k z + C' x k 4) - 2 a l k- 2] Z (o x) 

+ (d - al) (k 3 - k- 4) X(X x)} (A2) 

where z is the formal charge on the ion, e is the 
number of coulombs for a single charge and 2d is the 
total length over which the transmembrane potential 
is applied. This equation, however, is more complex 
than is required since, under steady-state conditions, 
it is necessary only to count the ions passing over a 
single barrier. When considering the left-hand barrier 
in Fig. A-1 b, the single-channel current becomes 

I~=zeEC'~k 17`(oo)-k 17`(xo) 

+ C'x[s 47`(xx)]. (A3) 

The identical single-channel current at steady state is 
even more simple when considering the central bar- 
rier, i.e., 

I x = z e[k 5 7`(x o) - k 2 y,(o x)]. (A4) 

It should be appreciated with Eq. (A4) that, while 
only the rate constants k 5 and k 5 are explicitly seen 

in this current equation, the other rate constants have 
their effect in determining the values for 7`(x o) and 
7`(ox). Similarly, in Eq. (A3) the missing rate con- 
stants exert their effect in the values for the probabili- 
ties, or fraction of time, of each occupancy state. 
While Eqs. (A3) and (A4) do not contain lengths, the 
distances from binding site to rate limiting barrier are 
required for correct introduction of the voltage de- 
pendence (see Method section). 

2. The Three-Site Model - (General) 

The steady-state scheme for a general, single-filing, 
three-site channel model is given in Fig. A-2a and 
the corresponding steady-state equations are the fol- 
lowing, 

/ ( o o o ) = - [ C x k '  1+Cx[s - 2 ] z ( o o o ) + k - l z ( x o o )  

-}-[s 7`(0 0 X)~-0 (A5a) 

) i ( xoo)=_Ek-~  + 3 . v k +C~k  ]Z(xoo)+C'xk~Z(ooo) 

+k 3Z(OXO)@[s (A5b) 

2(oox) - E k 2 + k  -4 , 8 + C ~ k  7`(000) = +Cxk  ]Z(oox)  ,, - 2  

+ k 4 x ( o x o ) + k  Sz (xox)=O (A5c) 

)~(oxo) - [ k - 3 + k  4 , 2 , , - 6  +C~k  ] o) = + Cxk Z(ox 
4- k 3 x (x o o) 

+ k - 4 , d ( o o x ) + k - 2 z ( x x o ) + k 6 7 ` ( o x x ) = O  (A5d) 

)~(xox)=-[kV +k 8+k 9-t-[s ) 
+ C~ k-  V z(x o o) 

+ C ' x k S z ( o o x ) + k g z ( x x o ) + k  l~  (A5e) 

2(xxo)= - [ k  -2 + k 9 +  C~k -113 z ( x x o ) +  C'xk 2 
.z(oxo) 

-~ [s 9 7`(X O X) -}- [s t l  7`(XXX)=O (A5f) 

t 12 2(oxx)~---[k6@[s176163 ]7`(oxx) 
Jr C'~ k-6 7`(o x o) 

+ kl~ 7`(x o x)+ k-12 7`(x x x)=O (A5g) 

) ~ ( x x x ) = - E k l l  +k l ~ ] 7 ` ( x x x ) + G k - l ~ 7 ` ( x x o )  

+ Ctxk127`(oxx)=O. (A5h) 

The above equations are general and do not 
require a symmetrical placing of sites, but for appli- 
cation to the gramicidin channel twofold symmetry is 
imposed in the energy profile as indicated in Fig. 
A-2b. When writing a general current equation as 
in Eq. A2, the lengths in Fig. A-2b would be used and, 
as noted before, these lengths are required for the 
voltage dependence of the rate constants. An example 
of one of the four possible steady-state single-channel 
current equations written with respect to a selected 
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barrier, i.e., for the highest barrier on the left-hand 
side, becomes 

Ix=z e[k3 z ( xoo ) - k -  3 z(o xo ) 

+ ki~ z(xo x ) - k -  l~ Z(o xx)]. (A6) 

3. The Three-Site Model with ldrtual Weak Sites 

An additional type of single-filing, three-site model 
requires consideration due to the nuclear magnetic 
resonance data. This is a virtual weak site model 
where a central tight binding site fills first at low 
concentration and creates weak binding sites. Outer 
metastable sites, which would not have significant 
occupancy when a single ion traverses the channel, 
become sites due to the presence of an ion in the 
central site. The steady-state scheme for this model is 
given in Fig. A-3 with a schematic energy profile. 
The steady-state equations for the virtual weak-site 
three-site model are 

2(0 o o) = - (C'x k 1 + C" k-  2) Z(o o o) 

- I - ( k -  1 q_ k2)  )[(o x o ) = 0  (A7a) 

)~(OXO)~__. ' 1  " -  (C:~k + Q k  2)Z(ooo ) 

- ( k -  1 +k 2 + C,xk3 .-t- C x k-4) Z(o x o) 

+ k -  3 z ( x  x o) + k4 z (o  x x ) = O  (A7b) 

2(xxo)=C'xka  Z(o x o ) - ( k -  3 + C~ k-6  +kS)z (x  xo) 

+k SZ(oxx)+k 6z(xxx)=O (A7c) 

)~(o x x) = C;~ k -  ~ Z(o x o) + k s Z(x x o) 

- ( k 4 + k  5+C'xk7)z(oxx)+k-Vz(xxx)=O (A7d) 

2(x x x) = C" k -  6 z(x x o) + C;~ k v Z(o x x) 

- ( k  6 +k-V) Z(xxx)=0 (A7e) 

and the general single-channel current equation is 

I z e  2 1] 
x = 2 d { [ d k  - d k  Z(oxo) 

+ [2a 2 k s - (d - a2) k-  3 ]  )~(X X O) 

+ [ (d -  a2) k r  2 k-  s] Z( 0 x x) 

+ [(d - a2) k 6 - ( d -  a2) k- 7] Z(x x x) 
t 1 / + Cxdk )~(ooo)+ C~(d-a2)k3x(oxo) 

+C,x(d_a2)kVz(oxx) ,, 2 - C x d k  Z(ooo) (A8) 

- C~ (d - a2) k -  4 Z (o x o) - C~ ( d -  a2) k- 6 )~ (X X 0)} .  

The single-channel current at steady state and written 
for the left barrier becomes 

Ix=ze[C'xklz(ooo)-k 1Z(oxo) 
, 3 k - 3  + C x k  Z ( o x o ) -  Z(xxo)  

7 +Cxk X(oxx)-k-V z(xxx)]. (A9) 
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4. The Four Site Model - (General) 

The general, single-filing, four-site model is character- 
ized by sixteen states and 56 rate constants. The 
steady-state scheme and a corresponding schematic 
energy profile are given in Fig. A-4. The set of sixteen 
steady state equations are the following: 

~(oooo)=-(Gk~ +C'dk 2)z(oooo)+k-~z(xooo) 
+ k2 z(o o o x)=O (A10a) 

; ~ ( x o o o ) =  ' ~ C~k Z(OOOO)-(k-l+k 3 
-}- Cx k-6) X(x o o o) 

+k- 3 Z(O XOO)+k6 z(xoo x)=O (A10b) 

2(o xoo)=k3 z (xooo)- (k-  g + kr + C'kV+ C" k -8) 

.Z(OXOO)+k-4 z(ooxo)+k- T z(xxoo ) 

+ k 8 Z(O x 0 x) = 0 (A 10c) 

)~(ooxo)~k4z(oxoo)_(k r 10) 

�9 Z(OOXO)@k 5Z(ooox)-}-k 9)~(x, oxo) 

+ k 1 o Z(o o x x) = 0 (A 10d) 

'~(ooox)=C'k ZZ(OOOO)+k5z(ooxo ) 

- ( k  2 + k - 5  + C,xkll)Z(OOOX)+k-11 Z(xoox)= 0 (A10e) 

)((xxoo)=CrxkV )~(oxoo)-(k-7 +k12 + Cjk -27) 

.Z(xxoo)+k-12Z(xoxo)+k27z(xxox)=O (A 10j) 

- ~ 2 0  ~ O )  d (oxxo )=- ( k - t 6§  19+C~k +klT)Z(OXX 

+kl6z(xoxo)+kl9  z (oxxx)+k-17  ~(oxox ) 

+ k- 2o Z(x x x o) = 0 (A 10g) 

;~(ooxx)=C';k-~~176 ' 5 +  C'xk28 ) 

.Z(OOXX)+kiSz(oxox)+k-28Z(xoxx)=O (A10h) 

y~(xoox) ,, - 6  ' k  ~ x) =C~k Z(xooo)+C~ Z(OOO 

- ( k 6 + k - l l + k  13+k14)Z(xoox ) 

+k13 )~(xo xo)q-k-14 Z(o xo x)=O (A10i) 

Z(xo xo)= C'x k9 Z(oo xo) q-k 12 Z(X Xoo) 

+k-16Z(oxxo)+k-13Z(xoox ) 

--(k 9-~-k 12+kl3q.-kl6+Cxk-18)Z(xoxo ) 

+ k is Z(XO X X)=O (A 10j) 
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2 ( o x o x ) = C j ,  k 8)~(oxoo)+k~T z ( o x x o  ) 

q-k-15 X(oo x x )q -k l4  X ( x o o  x ) 

- ( k S  + k - 1 4  +k lS  + k - l '  + C' k21)Z(OXO X) 

+k -21X(xxox)=0 (A10k) 

)~(x x x o) = Ctx J<,2~ Z(o x x o ) - ( k -  2~ + k24-jr- Cx k-26) 
Z ( x x x o ) - } - k - 2 4 Z ( x x o x ) q - k 2 6 z ( x x x x ) = O  (AIO/) 

)~ (x x o x) = C~ k -  2 7 Z(x x o o) + C'~ k21Z(o x o x ) 

+ k 2 4 z ( x x x o ) - ( k - 2 1 + k - 2 4 + k 2 3 + k 2 V ) ) f f x x o x )  

+ k -  23 Z(x o x x )=O (A10m) 

2(x o x x) = C'~ k 2~ X(o o x x) + C" k - ~ 8 z (x  o x o) 

+ k2 3 Z(x x o x ) - ( k 1 8  q- k22 -f- k -  23 q- k -  28) Z(x o x x) 

+ k -  22 )~(o x x x )=O (A10n) 

2(0 " -~ x x x ) = C ~ k  9 X ( o x x o ) q - k 2 2 X ( x o x x  ) 

- ( k l g  + k -  22 + C'xkZS) z(o x x x) 

+ k  2 S Z ( x x x x ) = O  (A 100) 

2 ( x x  ,, -26 x o ) +  C'~k 2s x x ) = C x k  Z ( x x  Z ( o x x x )  

- -  (k  - 2 5 q_ k 2 6) ) / ( x  x x x )  = 0 ,  ( A  1 0 p )  
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The single-channel current equation at steady state 
over the major right-hand barrier becomes 

t ; ,=ze{kSx(ooxo)-k  SZ(ooox) 

+k l '  Z(oxxo)-k-17 X(OXO X) 

+klS z(xo x o ) - k - t 3  Z(xoo x ) 

q'- k 24 X(X X X O) -- k-  24 Z(x x o x)}. (All) 

There are a number of physical problems posed by 
this model. For example, in going from state ox  ox  
to state o o x x there is initially a large distance be- 
tween the ions and presumably some four or five 
water molecules interposed and that distance col- 
lapses during the single ion translocation. The ques- 
tion is where does the water go if single filing is 
enforced. They would seem to have to displace the 
ion in the right-most position. One way out of this 
problem is to argue that the right-most ion is at- 
tached to the outermost carbonyl of the channel and 
as such (recognizing that the channel is a helix with a 
5-,a, translation per turn as shown in Fig. 1) the 
outermost ions need not block the channel and need 
not, therefore, adhere to single filing. 

5. The Four-Site Model with Virtual Weak Sites 

The fifth occupancy model treats the situation where 
a weak site does not occur as a stable occupancy 

position until the associated tight site is filled. Since 
the weak site must now be within the major barrier 
for entry into the channel in order to be stabilized by 
repulsion from the ion in the associated tight site, the 
weak sites are considered to be within the channel 
proper and, of course, no weak site can occur without 
its paired tight site being filled. Considering as neglig- 
ible the probability of simultaneous double ion 
jumps, this gives nine states as shown in Fig. A-5a with 
26 rate constants and a schematic energy profile of 
Fig. A-5b. The corresponding steady state equations 
are 

)i(oooo)=-(C~k' ~ +Cx"k-2)Z(oooo)+k-lZ(oxoo) 

+ k 2 Z(o o x o) = 0 (A 12a) 

C~k Z(ooo +C~k +C~k ; i ( o x o o ) =  ' 1 o ) - ( k  ~ , 3 ,, - 5  

q-k 13) . Z(o x o o ) +  k - t3  Z(OO X O)+k-  3 Z(X Xoo ) 

+ k 5 Z(o x x o) = 0 (A 12b) 

~(ooxo )=C ;~k -2z (oooo )+k13z (oxoo )  

(k2+k_13+C,  k6 . . . .  4 
- +Cxk )Z(ooxo) 

+ k-6 z(o x x o)+ k4"z(oo x x)=O (A12c) 

)~(xxoo)=C'xk3 Z (oxoo) - ( k -  B q-Cxk-V)X(XXOO ) 

+ k 7 Z(x x x o) = 0 (A 12d) 

) ~ ( o x x o ) = C ~ k - S z ( o x o o ) + C ~ k '  ~ Z ( o o x  o) 

- ( k  5 + k  -6  + C'x k9 + C xk -  I~ x xo) 

q-J{ 9X(xxxo)q-kl~ (A12e) 
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2(ooxx)=C:k-4z(o ~ , oxo) - (k  +CxkS)z(ooxx) 

+k S z ( o x x x ) = O  (A 12f) 

~(xxx o)= C'~ k- ~ Z(xx o o) 
t 9 iI + C x k  Z ( o x x o ) - ( k T  + k - 9 + C x k  11)Z(xxxo)  

+ k 11Z(x x x x)=O (A12g) 

2 ( o x x x ) = C ' k - l ~  z(oxxo) 

+ C ' ~ , k S z ( o o x x ) - ( k l ~  8+C'~,k lZ)x(oxxx  ) 

+ k - 1 2 Z ( x x x x ) = O  (A12h) 

2(xxxx)= C~k- 11 Z(xxxo) 

+ C ' ~ k l e z ( o x x x ) - ( k l l  + k - l e ) z ( x x x x ) = O .  (A12i) 

As before, the expression for the single-channel 
current is greatly simplified by considering ion move- 
ments across a given barrier. Selecting the barrier at 
the center of the channel for this purpose, the ex- 
pression for the current becomes 

I~, = z e lk  13 Z(o x o o ) -  k-  13 Z(O o x o)] (A 13) 

while the general expression for the current is 

z e  
Ix = d -  {[C•(d - al) k 1 - C'~(d- al) k -  2] Z( 0 0 0 o) 

+ [ C ; ( d -  a2) k 3 - C ' ( d -  al) k-  5 

_ ( d _ a l )  k-1 _F2al ]r Z(o x o o) + [ (d_aO k e 

- 2 a  1 k-13 + C,x(d_aOk 6_  C ~ ( d _ a 2 ) k - 4 ] Z ( o o x o  ) 

_ [ C x ( d _ a O k - 7  + ( d _ a a ) k  3]Z(xxoo)  

+ [(d - a l )  k s - (d - al) k-  6 + C ' ( d -  a2) k 9 

- C" (d - a : )  k -  i o] Z(o x x o) + [(d - a2) k'* 

+ C':,(d-aOkS] Z(o o x x ) +  [ ( d - a O k  7 

_ ( d _ a z ) k - 9 _ C x ( d _ a z )  k 113Z(XXXO ) 

+ [ ( d -  a2) k 1 o _ (d - al) k s + C'~(d - a2) k 12] 

�9 Z(o x x x) + [(d - a 2 )  k 11 __ ( d -  a2) k-  12]Z(x x x x)}. 

where Z~ is the probability of the ith state and qu's are 
the relevant coefficients that will, in general, contain 
voltage-dependent rate constants and concentration 
terms. The problem at hand is to compute the 
numerical values for the probabilities Z~, given the 
values of the coefficients, qu, subject to the con- 
servation condition 

~ Z~ = 1 (B2)  
i=O 

since the sum of the probabilities of all the states 
should be unity. This problem is easily solved using 
simple matrix algebra. 

The steady-state equations (B 1) consist of (n+ 1) 
homogeneous equations in (n+ 1) unknowns. By ig- 
noring any one of the (n+ l )  equations, we may 
derive n non-homogeneous equations in n ratios 
(ZJZo), i = 1 2  ... .  ,n. For instance, ignoring the first 
equation and taking the Zo term in each equation to 
the right-hand side, we have 

~, qij Zj = qio Zo i = 1, 2, ..., n (B 3) 
j= l  

which may be written in matrix form as 

rx q12...ql  i11 q22...q2.[ 

[q.~ q.2..-q..J . kq"~ (B4) 

This equation is readily solved for the n ratios O~jZo), 
provided the square sub-matrix of order n in (B4) is 
non-singular: 

! l /Zo]  [q l l  q12...q1,] -1 [ q l o ]  

2/ o1=- i<1 q22 q2. / 1 2ol 
,/ZoJ Lq,1 q,2 ... q,,J kq,oJ. 

(B5) 

Appendix B 

M a t r i x  F o r m u l a t i o n  o f  the So lut ion  
to S t e a d y - S t a t e  Equat ions  

The steady-state equations of any given multi-site 
model have the general form 

)~i = k qijzi : 0  i=0 ,1 ,2 ,  n (B1) 
j=o 

Note that the column vector on the right-hand side 
of this equation will not be a null vector since it will 
have at least one nonzero element in it. This is 
because the coefficients in the (n+ l )  steady-state 
equations will appear in pairs so that the Zo term will 
appear at least in two of the equations. Even if one of 
them falls out due to one equation being ignored, the 
other will be present ensuring that the column vector 
is not a null vector. From Eq. (B5), all the n ratios 
ZJZo are obtained. Now, the conservation condition 
(B2) may be employed in the following form to 
calculate qo from the n ratios. 

1/Z o = 1 + ~ (ZjZo) (B6) 
i=1 
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knowing Zo, all other probabilities Zi are computed. 
Thus Eqs. (B5) and (B6) constitute the solution to the 
problem. 

The matrix method was verified by comparison of 
calculated currents using explicit expressions for the 
two, and three-site models where the )~i of Eqs. (A1), 
(A5), and (A7) were solved for by hand and utilized 
in an equation of the form (Sandblom et al., 1977) 

[ ~ ] I =ze (B7) 

where n is the maximum occupancy of the channel. 
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